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We propose a set of linear quantum entanglement witnesses constituted by local quantum- 
mechanical observables with each two possible measurement outcomes. These witnesses detect 
all the entangled resources which give rise to a better fidelity than separable states in quantum 
teleportation and present both sufficient and necessary conditions in experimentally detecting the 
useful resources for quantum teleportation. 
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Introduction. Quantum entanglement plays important 
roles in many quantum information processing such as 
quantum teleportation. However, not all entangled states 
are useful for quantum teleportation. The fidelity of op- 
timal teleportation is determined by the fully entangled 
fraction (FEF) A bipartite ngin state p gives rise 

to a better fidelity of teleportation than separable states 
if its FEF is great than 1 jn. For a known quantum state, 
analytical formula of FEF for two-qubit states has been 
derived by using the method of Lagrange multiplier 
The upper bounds of FEF for general high dimensional 
quantum states have been estimated @ . Exact results of 
FEF are also obtained for some special quantum states 
like isotropic states and Werner states @. 

For a given unknown state, an important issue is to 
determine whether it is useful for quantum teleportation 
by experimental measurements. For the experimental de- 
tection of quantum entanglement, the Bell inequalities 
0-QjJ and entanglement witness |12| - [2l| have been ex- 
tensively investigated. The Bell inequalities only involve 
measurements on local quantum mechanical observables. 
The entanglement witnesses are in general Hcrmitian op- 
erators with at least one negative eigenvalue. Since the 
set of the separable states is convex and compact, these 
witnesses give rise to inequalities (supersurfaces) sepa- 
rating a part of the entangled states from the rest ones 
including all the separable states. Different inequalities 
detect different entangled states. However, so far we do 
not have complete witnesses that detect all the entangled 
states in general. 

Recently in Ref . [22[ , the authors show that the set of 
entangled states which are useful for quantum teleporta- 
tion, i.e. their FEFs are great than 1/n, is also convex 
and compact. They presented a witness operator which 
detects some entangled states that are useful for telepor- 
tation. 

In this brief we give a general way to enquire how to 
determine experimentally whether an unknown entangled 
state could be used as a resource for quantum teleporta- 
tion. We present a linear witness operator which can 
detect all the entangled states that are useful for tele- 
portation. This witness operator gives rise to a Bell-like 
inequality which requires only measurements on local ob- 
servables and gives the sufficient and necessary condition 



for states that are useful for teleportation. 

Linear witness for quantum teleportation. Let H n be 
an n-dimensional complex Hilbert space, with {|i)}™ =1 an 
orthonormal basis. Let p be a density matrix defined on 
H n (g) H n . The optimal fidelity of telep_ortation with p as 
the entangled resource is given by [l|- 



fmax (p) 



nF(p) 



1 



(1) 



F(p) is the fully entangled fraction with respect to p: 

F(p) =max(^+|(f/ t ® I n )p{U ®I n )\vb+), (2) 



u 



where U is any nxn unitary matrix, I n is the nxn iden- 
tity matrix, and \ip + ) is the maximally entangled state, 



i=0 



11). 



A state p is a useful resource for teleportation if and 
only if F(p) > i |. If F(p) < i the fidelity (J) is 
no better than separable states. Although ([2]) has no 
analytical formula for a general p so far, in the following 
we show that one can detect completely that if F(p) > i 
by experimental measurements on local observables. 

Let us define the Hcrmitian operators, 



A^|0>(0|-|z)(z|, 
\ kl = \k)(l\ + \l)(k\, 

x' kl =m(i\-\i)(k\)> 



with k < I, and i, fc, I = 1, • • • , n — 1. Set Ai — UXiU^ , 
A k i = U\uU\ A' kl = U\' kl U\ with U any nxn unitary 
matrix. We define the linear witness operator to be 



_^ n— 1 n— In— 1 

T = - [/„ ® /„ + n ^2 Ai <g> Ai - ^2 £ A i ® A i] 

i—l i— 



i=l j=l 



k<l 



From the mean value of T, (T) p = Tr(Tp), with Tr stand- 
ing for trace, we have 
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Theorem p is useful for teleportation if and only if 
the mean value of T satisfies, 

<r) P > i. (4) 



[Proof]. By expanding the operator \^ + }(tp + \ accord- 
ing to the Hcrmitian operators A^, Xki and \' kl , we have 

- n — 1 n — 1 n — 1 

= - [I n (g) /„ + n ^ X i ® ^< ~ ^ ® ^ 

2 — 1 Z— 1 7 — 1 

+ zY.( Xki ® Xki ~ A *' 8 A 'fei)' 

fe<; 

i.e. T = n(C/®/„)|'0 + )('0 + l(^ t «)^)- Therefore we have 
the following relation, 

(1% - (n((7®/„)|^+)(^+|(C/t®/„)) p 
= n(il>+\(Ui®I n )p(U®I n )\il;+) 

and 

nF(p) = max(r) p . 

Hence p is useful for quantum teleportation, F(p) > i, 
if and only if (1% > 1. □ 

This implies that these linear operators {r} have the 
ability to witness all the useful resources for quantum 
teleportation. In other words, the supersurfaces given by 
the inequality (U]) of these linear operators separate geo- 
metrically all the useful resources of quantum teleporta- 
tion from the convex and compact set of all states that 
are not useful for quantum teleportation. This fact dis- 
tinguishes the FEF from the entanglement measures for 
which there have been no complete set of entanglement 
witnesses so far that detect all the entangled states. 

Particular cases. Let us consider the two-qubit case. 
From (j4|) we get that p is useful for quantum teleportation 



if and only if 

(A z <g> a z + A <g> Oy) p > 1, (5) 

where a z = |0)(0| - |1)(1|, a x = |0)(1| + |1)(0|, and a y = 
i(|0)(l| - |1)(0|) are Pauli matrices, A z = Ua z W, A x = 
Ua x W and A y = Ua y W . 

One may compare this situation to entanglement de- 
tection. In fact for two-qubit case, all entangled states 
can be also detected experimentally. For pure two-qubit 
states, the CHSH-Bell inequality 0, | (Ai <g) B\ + A\ (g) 
B-2 + A 2 ® B\ — A 2 ® B 2 )\ < 2, gives a sufheient and 
necessary condition of separability, where Aj = 04 • a a, 
Bj = bj ■ a B , & = (a?,a%,af) and b 2 = [h-.l^.l/ ■ are 
real unit vectors satisfying |dj| = \bj\ = 1, i,j = 1,2, 

/ A/B A/B A/Bk AIB r, t a • 

&A/B = \Px ,0y ,&z ), Vx, y ,z are Pauli matrices 
associated to the qubit A and B. Here to detect the en- 
tanglement one needs to measure four observables along 
all possible directions of spin. While from inequality ([5]) , 
to detect the teleportion resource one only needs to mea- 
sure three observables of one qubit under all U, and just 
fixed observables <J XiViZ of another qubit. Moreover, in- 
equality (0 is valid also for mixed states, for which the 
entanglement detection is given by a more complicated 
non-linear inequality (2pj . 

As for a detailed example, we consider a state which 
can not be detected by the witness presented in Ref. [22j , 

P = a |0)(0| + (l- a )|ll)(ll|, (6) 

where |</>) = ^(|01) + 1 10)) and < a < 1. The useful- 
ness of the state © as a teleportation resource can be 
detected by our inequality ((5]). In fact, we can simply 
chose U = 1 0> < 1 1 + 1 0> < 1 1 - Then the difference between 
the left hand side and the right hand side of inequality 
© is (A z <g> a z + A x ® a x - A y <g> a y ) p - 1 = 4a - 2, 
which is positive if and only if a > i . Therefore our wit- 
ness operator can completely detect the usefulness of p 
in quantum teleportation. 

Conclusion. We have provided a complete set of linear 
witness operators which gives rise to sufficient and nec- 
essary conditions in experimentally detecting the useful 
resources for quantum teleportation. These linear wit- 
nesses are composed of only local observables with two 
possible outcomes each. 
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